We examine properties of whispering gallery modes (WGMs) in a dielectric microsphere coated with a highrefractive-index layer. With an increase in layer thickness, the photonic field of a WGM moves near the sphere's surface, while the peak in its radial distribution narrows, followed by backtracking and broadening. During these changes, the resonance frequency decreases. The radial compression exposes a stronger evanescent field to the surroundings, yet the mode retains a sharp resonance peak in the frequency domain. The high-refractive-index layer will enhance the sensitivity of WGM frequency-shift sensors when used to detect adsorption of molecules and a change in refractive index in the surroundings. A possibility to match resonance shifts of different radial modes in the measurement of refractive indices is proposed.
INTRODUCTION
There is growing activity in research on using the resonance frequency shift of a whispering gallery mode (WGM) in a highly symmetric dielectric medium for sensing of molecular adsorption, [1] [2] [3] [4] refractive index, 5, 6 and stress. 7 When a molecule is adsorbed onto the surface of a dielectric resonator, the evanescent field of the resonance mode polarizes the molecule. When the medium surrounding the resonator changes its refractive index, the polarization by the evanescent field changes. The change in polarization near the resonator's surface lays the foundation for WGM frequency-shift sensors. 2 An extremely narrow linewidth in a symmetric resonator provides the WGM sensor with high sensitivity. It was demonstrated that a WGM in silica microspheres suspended in water can detect adsorption of protein molecules from the aqueous solution [2] [3] [4] and a refractive-index change of the solution. 6 The sensitivity was sufficiently high to potentially allow detection of a single molecule of molecular weight below 10 6 g/mol. 4 We examine the sensor capability of WGM in a dielectric sphere coated with a thin uniform dielectric layer of high refractive index. We envisage three reasons for using such a modified resonator. The first is to obtain an evanescent field of a different penetration depth without using a nonsilica-based microsphere or changing the laser wavelength. The second is to further enhance the sensitivity by drawing the optical field of the WGM into the coating layer. The third is to obtain the same relative shifts for WGMs of different radial modes, thus eliminating ambiguities in the measurement of a refractive-index change in the surrounding medium. Before examination of the sensor capabilities, we look into the properties of a WGM in the coated microsphere, especially compression of the field distribution in the radial direction.
Resonance characteristics of a WGM in a radially inhomogeneous sphere depend on the refractive-index profile along the radius. Hence the name morphology-dependent resonance has been used. Hightower and Richardson 8 examined resonance characteristics in small microspheres (ϳ3 m radius), each with with a uniform layer of a different refractive index. Chowdhury et al. 9 considered the resonance shift and the photonic field profile by a nonuniform layer on the surface. Ilchenko et al. 10 demonstrated by calculation that a microsphere with a refractive index that decreases linearly with increasing radial distance can have equal spacing in resonance frequencies.
WGM SENSORS
WGM frequency-shift sensors rely on the shift of the resonance wave vector when the surround or a part of it experiences a change in refractive index. When a molecule or a small particle of volume V p is adsorbed onto a sphere, the relative electric permittivity ⑀ r V p changes by ␦⑀ r . In a uniform change of refractive index in the surround, V p is the entire exterior space. Earlier we derived a general formula for the shift ␦k of the resonance wave vector from k 0 (Ref. 11):
where E 0 is the electric field of the WGM before perturbation (change of ⑀ r ) and E p is the electric field within V p . Perturbation formula (1) indicates that the relative shift is equal to the ratio of the total excess electric energy in V p (perturbation integral) to the total mode energy in the entire space V.
In the perturbation integral, E 0 is the evanescent field of the WGM that decays with increasing distance from the microsphere's surface. Its decay constant ⌫ is given approximately as
where n 1 and n 2 are the refractive indices of the microsphere and the surround, respectively. Its reciprocal, 1 / ⌫, is often called the penetration depth. The spatial variation of E 0 makes the WGM sensitive to the geometry of the perturbation. Below we consider briefly the geometrical sensitivity.
In an isotropic medium, E p = ␤E 0 , where ␤ is a coefficient that depends on the polarization direction of E 0 and on the geometry of V p . When V p is a small particle adsorbed onto the resonator's surface, E 0 refers to the field immediately on the surface. Therefore
where a is the microsphere's radius. If ␦⑀ r is uniform in V p , the integral is equal to ␤␦⑀ r V p . When V p is the entire surrounding space and ␦⑀ r is uniform,
The integral in Eq. (4) is approximately equal to ͉E 0 ͑r = a͉͒ 2 2a 2 / ⌫. Therefore the resonance shift depends on ⌫. If V p is a tenuous layer of adsorbent and thickness t A , the integral is ͉E 0 ͑r = a͉͒ 2 ͑2a 2 / ⌫͓͒1 − exp͑−2⌫t A ͔͒. Earlier, we utilized the k 0 and n 2 dependence of ⌫ to estimate the thickness of an adsorption layer of a basic polypeptide and its volume fraction in the layer. 6 Although microsphere WGM frequency-shift sensors have demonstrated a high sensitivity in detecting adsorption of proteins and other biomolecules, the sensors are not as accurate as absorption spectrometers and differential refractometers are. There are two sources of problems intrinsic to the sensing scheme: polarization and radial modes. First, a WGM has either transverse electric (TE) or transverse magnetic (TM) polarization. The two polarizations have different resonance shifts, as they have different amplitudes of evanescent field relative to the amplitude of the internal field at the microsphere's surface. We recently demonstrated that the two polarizations can be selectively excited in a side-coupled microsphere-fiber pair by control of the polarization in the optical fiber used for feeding the light and reading the transmission spectrum. 12 The other source of problems is that different radial modes, which have different penetration depths, can be excited, and their shifts may be different from one other. A more accurate expression of ⌫ than the one given by Eq. (2) has a radial mode dependence. In a typical situation, a silica microsphere of 100 m radius is immersed in water, and a monochromatic 1.34 m wavelength light source is used. The first few radial modes are believed to be observed. Higher-order modes are too broad for any meaningful sensor applications. The change in refractive index estimated from the resonance shift depends on the radial mode. Below, we look at the radial function closely.
In a nearly perfect microsphere, the radial mode is identifiable. 13 In an elliptic microsphere that is side coupled to an optical fiber, however, the presence of many nondegenerate WGMs makes the identification all but impossible, although it allows one to observe resonance peaks in a narrow range of wavelength scan. Furthermore, it is difficult to selectively excite one mode order only by controlling the coupling between the microsphere and the fiber.
WGM IN A UNIFORM MICROSPHERE
For simplicity, we consider TE modes only. A spherical polar coordinate ͑r , , ͒ is set up with the origin at the center of a uniform microsphere of radius a. The electric field has tangential components only. For a mode specified by polar index l (also called the mode number) and azimuthal index m ͑m =−l ,−l +1, . . . ,l͒, field E is given as
where k =2 / and is the wavelength of light in vacuum. The radial function S l ͑r͒ satisfies
where n͑r͒ = n 1 at r Ͻ a and n 2 at r Ͼ a. Angular vector function X lm ͑͒ is given as
where P l m ͑x͒ is the associated Legendre function and ê and ê are unit vectors in the relevant directions. At resonance, S l ͑r͒ = A l l ͑n 1 kr͒ at r Ͻ a and B l l ͑n 2 kr͒ at r Ͼ a, where a Ricatti-Bessel function l ͑z͒ϵzj l ͑z͒ and a Ricatti-Neumann function l ͑z͒ϵzn l ͑z͒ are defined by use of spherical Bessel and Neumann functions j l ͑z͒ and n l ͑z͒, respectively. The ratio of the coefficients A l / B l is determined from the continuity of S l ͑r͒ across the interface at r = a. At r Ͼ a, l ͑n 2 kr͒ decays nearly exponentially with a decay constant ⌫ =−n 2 k l Ј͑n 2 ka͒ / l ͑n 2 ka͒, where the prime denotes the derivative by the argument.
For a given l (WGMs of different values of m are degenerate, meaning that their resonance occurs at the same k), there are several values of size parameter ka that satisfy the continuity at resonance and have a sufficiently narrow linewidth. In the increasing order of ka, they are called the first, second,… orders of the WGM. Each radial mode has its own S l ͑r͒. The vth order has v peaks in ͓S l ͑r͔͒ 2 . The radial functions S l ͑r͒ are compared in Fig. 1 for the first three mode orders of a WGM in a silica microsphere ͑n 1 = 1.452͒ in water ͑n 2 = 1.320͒. To facilitate the comparison, the functions are given the same amplitude at r = a, which is equivalent to normalizing S l ͑r͒ by the mode energy. The mode numbers for the three functions are chosen to have a similar size parameter, ka Х 468.5, which would simulate a microsphere of radius a = 100 m coupled to a laser operating at = 1.34 m. Thus selected mode numbers are l = 666 ͑ka = 468.52734͒ for v =1, l = 654 ͑ka = 468.58438͒ for v = 2, and l = 644 ͑ka = 468.47812͒ for v = 3. These mode numbers and the parameters n 1 , n 2 , and, a are used in the rest of the present paper unless otherwise specified. Figure 1 shows an increasing penetration depth with an increasing v. The higher the mode order, the greater the fraction of mode energy in the surrounding medium.
Comparison of the three curves in light of Eq. (1) reveals the following facts: (1) When a WGM sensor detects adsorption, different radial modes will have the same shift (which is not the case for TM modes) and (2) in a uniform change of refractive index in the surrounding medium, the shift will be greater for the higher-order mode. In fact, the radial mode-dependent shifts were discussed in an earlier publication. 
WGM IN A MICROSPHERE COATED WITH A DIELECTRIC LAYER
We propose to change the dielectric property of the microsphere by coating the sphere with a thin layer of high refractive index. This may be accomplished by dip coating a noncrystalline polymer, for instance. There are two effects of adding a layer to the microsphere's surface. One is to change ⌫. A layer with a refractive index greater than that of the bulk sphere will increase ⌫, thus allowing the evanescent field to explore a region in the surrounding that is closer to the sphere surface. The other is to change the amplitude of the evanescent field. Equations (3) and (4) indicate that the resonance shift depends strongly on the field intensity at the sphere's surface. As a material of a high refractive index attracts light, a layer made of such a material will enhance the amplitude of the field at the surface and therefore also the amplitude of the evanescent field. The sensitivity of WGM frequency-shift sensors may be enhanced by fine tuning the refractive index and the layer thickness. We may be able to achieve radial mode-independent resonance shifts, thereby eliminating ambiguity of the WGM sensor as a refractive-index detector. An improvement may also be seen in the already small ambiguity of the sensor as an adsorption detector in TM modes, although in this paper we do not discuss the modes. Preparation of microspheres with different field distributions and penetration depths may lead to many other different applications of the WGM sensor, such as sensing refractive-index profiles and nonaqueous media. Below, we consider a WGM in a microsphere coated with a layer.
Consider adding a thin layer of refractive index n 3 and thickness t to the existing microsphere of refractive index n 1 . For convenience, we use a for the total radius of the coated microsphere and hold it unchanged. In effect, the refractive index is changed in the surface region of depth t:
Radial function S l ͑r͒ within the layer is expressed as a linear combination of two independent solutions of Eq. (6) with n͑r͒ = n 3 :
where A l , B l , C l , and D l are coefficients.
The boundary conditions at r = a − t and r = a require that S l ͑r͒ and S l Ј͑r͒ be continuous across these interfaces, which leads to
where
with z 1 = n 1 k͑a − t͒ and z 3 = n 3 k͑a − t͒. Equations (10) and (11) give k = k 0 at resonance. Johnson 14 defined linewidth w as
We follow the same definition for our coated microsphere. For a given layer thickness, the resonance moves to a longer wavelength with increasing n 3 , which is due to a shift of the photonic field toward a greater radial distance from the microsphere center. 8 The decrease of k and the shift of S l ͑r͒ occur for all three radial modes. As S l ͑r͒ moves outward, the evanescent field intensifies, most seriously for the first radial mode. The field intensifies while the resonance line narrows, because the increase in n 3 causes ⌫ to increase, and thus penetration becomes shallower. Adding a layer of a high refractive index exposes the WGM more to the surround but without sacrificing the narrow linewidth. In contrast, a uniform microsphere with a lower refractive index exposes a greater portion of the WGM to the surround, but it accompanies line broadening. 
Intrinsic loss of a WGM in a perfectly uniform microsphere is negligible for the first two radial modes. Linewidth w of the third radial mode is already close to or exceeds the experimentally obtained values. [2] [3] [4] The linewidth of the fourth radial mode ͑t =0͒ is 6.7 ϫ 10 −5 m −1 , which is too broad for use in a WGM sensor. Therefore we consider the first three radial modes only. Now we change layer thickness t without changing overall sphere radius a. Figure 2 
This estimate is effective for thin layers only. The deviation is already ϳ40% at t = 0.1 m (v =1, n 3 = 1.5). In Fig. 2(a) , k approaches a constant for each n 3 with increasing t. The constant is the resonant k in a microsphere with uniform refractive index n 3 immersed in a medium of n 2 and is approximately equal to l / ͑n 3 a͒.
In Fig. 2(b) , k changes in two steps, and the approach to an asymptote requires a thicker coating than does v =1. The change in the first step is a lot smaller than the change in the second step. The third-order mode changes k in three steps, and the approach to an asymptote requires an even thicker coating.
When the resonance shifts with increasing layer thickness, the decay constant of the evanescent field increases, as the microsphere is increasingly dominated by the highrefractive-index layer. Figure 3 shows a plot of ⌫ for v =1. At t =2 / n 1 , ⌫ reaches 99% of the value for a simple sphere of n 3 .
The plots of S l ͑r͒ reveal the nature of the WGM, which is shown in Fig. 4 for v =1, n 3 = 1.6, and values of t from 0 to 100 m=a. Each curve is normalized by the mode energy. With increasing layer thickness, S l ͑r͒ becomes more skewed outward with a concomitant narrowing in the width. Once focused in the 1 m region from the surface, S l ͑r͒ barely changes for 0.6 m Ͻ t Ͻ 1 m. The thin highrefractive-index layer causes radial compression of S l ͑r͒. A further increase in thickness brings back the photonic field inward. When the layer is sufficiently thick, the field is located more inward compared with the microsphere without a layer, as the higher microsphere-surround contrast forces a stronger confinement of light.
Mathematically, the narrowing draws on a property of Ricatti-Bessel functions. When z ӷ l, l ͑z͒Хsin͑z − l /2͒ and l ͑z͒Х−cos͑z − l /2͒. In the surrounding medium, S l ͑r͒ϳ l ͑n 2 kr͒ slowly approaches its asymptote with increasing r. In the approach, the period of oscillation decreases to / n 2 . Within a microsphere without the layer, z = n 1 kr is close to l. Near this value of z, l ͑z͒ changes rather slowly; see Fig. 1 . With the layer present, its high refractive index lets l ͑z͒ and l ͑z͒ have greater values of z, i.e., n 3 kr, in the layer. Therefore l ͑z͒ and l ͑z͒ can change rapidly.
A look at the change of the peak position with increasing t reveals an interesting phenomenon. The peak moves outward until it reaches the interface with the growing layer. With a further increase in t, the peak starts to move back. When n 3 is sufficiently high, the peak position is close to the midpoint of the layer until t reaches ϳ1 m. These movements are observed even if we hold the radius of the silica microsphere unchanged and grow a layer of high refractive index.
Similar transitions in S l ͑r͒ with increasing t are observed for layers of different values of n 3 . At n 3 = 1.5, the narrowing is rather modest, and the peak does not move as much as in Fig. 3 . At n 3 = 1.7, the narrowing and the shift of the peak are more pronounced. The transition occurs for thinner layers. Figure 2 (b) hints at a two-stage transition in the second radial mode of a WGM with increasing t. We examine S l ͑r͒ of the second mode for n 3 = 1.6 in Fig. 5 . Recall that the plot of k at n 3 = 1.6 was stagnant from t = 0.5 to t = 0.8 m [Fig. 2(b) ]. In Fig. 5 the first change in the peak shape with increasing t occurs primarily in the outermost peak, which is negative. As t increases to 0.2 m, the peak moves outward without changing its depth. From 0.2 to 0.5 m, the peak does not change its position but becomes shallower. The main positive peak moves outward as t increases to 0.5 m. From 0.5 to 0.8 m, S l ͑r͒ is nearly stationary, consistent with the stationary k. With a further increase of t up to ϳ1 m, the negative peak deepens and moves outward. Starting near 1.2 m, both peaks start to move back inward as the coated sphere becomes close to a simple sphere of a high refractive index. Both peaks are the narrowest near t = 1.5 m. The widths of the two narrow peaks are close to each other and are close to the peak width of the radially compressed mode for v = 1. With two peaks in ͓S l ͑r͔͒ 2 , the attraction of the field by the high-refractive-index layer occurs differently for the two peak at different values of t. For the inner peak to move near the surface requires a thicker layer. When n 3 is higher than 1.6, all the transitions occur for thinner layers.
The changes in S l ͑r͒ of the third radial mode follow what is expected from those of the second mode. Because ͓S l ͑r͔͒ 2 now has three peaks, with the highest peak being the innermost, the first two transitions with increasing t are consumed to lower the heights of the first two peaks. All the while, the main peak keeps moving outward. The narrowest peaks are seen near t = 2.4 m for n 3 = 1.6, common to the three peaks.
SENSOR RESPONSES
We evaluate the resonance shifts in a coated microsphere in responses to two types of perturbation: a small uniform change of refractive index in the surround and adsorption of small particles onto the microsphere's surface at a low density.
For E 0 = E given by Eq. (5), the angular part is isolated in the mode energy integral:
where W is the integral of ͉X lm ͉ 2 over the entire solid angle and k is used for k 0 . For S l ͑r͒ given by Eq. (9), the radial integral consists of three parts:
Reference 15 shows how to calculate I 1 and I 2 : where
͑17b͒ I 3 is calculated as
with
͑20͒
When the relative electric permittivity of the surround changes uniformly from n 2 2 to n 2 2 + ␦͑n 2 ͒, where ␦͑n 2 ͒ Ӷ 1, E p = E 0 in the first-order perturbation (TE). Then the perturbation integral is
We define a response G RI as the fractional shift of the resonance wave vector relative to the permittivity increment:
The sensitivity of the WGM shift sensor to the refractiveindex change depends solely on the property of the WGM before the change. For adsorption of small particles at a low density, E p = ͓3n 2 2 / ͑n p 2 +2n 2 2 ͔͒E 0 , where n p is the refractive index of the particle. 11 For a particle adsorbed at ͑a , , ͒, the perturbation integral is
͑23͒
Assuming a uniform distribution of particles on the surface, the total energy change in N p particles is
where ⍀ = ͑ , ͒. The angular integral is calculated as W͑ka͒ −2 ͓S l ͑a͔͒ 2 . We isolate the adsorbate-dependent factor from the fractional shift and introduce a response G ads , defined as
When t =0, G ads =1/͑n 1 2 − n 2 2 ͒ for all values of v. The two responses, G RI and G ads , are readily evaluated once S l ͑r͒ is determined. The two parts of Fig. 6 show plots of G RI and G ads as functions of n 3 for the thin layer of t = 0.1 m and for the three radial modes. The change of G ads in Fig. 6(b) reflects the change in S l ͑a͒, the field immediately on the surface. For the first radial mode, G ads simply increases as the higher refractive index exposes a stronger evanescent field. At n 3 = 1.75, the sensitivity is 4.1 times as high as without the layer. The increase in G ads with increasing n 3 is a lot smaller, and a peak is seen for the second radial mode. For these higher-order modes, the increase in ͓S l ͑a͔͒ 2 is modest, as the high-refractiveindex layer induces a more pronounced effect on the inner major peak in ͓S l ͑r͔͒ 2 than on the outermost peak. The changes in G RI shown in Fig. 6(a) represent the combined effect of ͓S l ͑a͔͒ 2 and ⌫. The increases in G RI with increasing n 3 are not as great as those in G ads , as the concomitant increase of ⌫ has the effect of decreasing I 2 . Note that G RI for the three radial modes are different for the plain silica microsphere; at n 3 = 1.452= n 1 , G RI of the third radial mode is 45% larger than G RI of the first mode. The spread of G RI among the three radial modes shrinks with increasing n 3 . At n 3 = 1.573, the first two radial modes have a matched sensitivity. If only the first two radial modes are excited for the measurement, coating a silica microsphere with a 0.1 m thick layer of refractive index 1.573 will eliminate ambiguities in the estimate of the refractive-index change. Another way to eliminate ambiguities may be to let different radial modes have vastly different shifts such that the mode order can be identified for each peak in the resonance spectrum.
Now we look at how G RI changes with t. The two parts of Fig. 7 show G RI of the first and second radial modes as a function of t for five values of n 3 from 1.5 to 1.7. Each curve in Fig. 7(a) is consistent with the change in S l ͑r͒ that shows an outward shift, followed by a retreat, with increasing t. The peak of the curve shifts to a smaller t with increasing n 3 . At the peak ͑t = 0.33 m͒, the sensitivity of a microsphere coated with n 3 = 1.6 is 4.8 times as high as that of a plain WGM sensor.
The enhancement of the sensitivity takes an oscillatory path for the second radial mode [ Fig. 7(b) ]. The path is consistent with the change in S l ͑r͒ shown in Fig. 5 . The sensitivity enhancement is not so large as for v =1. In the third radial mode, each curve of G RI has three peaks. The enhancement of G RI is even less.
The plots of G ads are similar to those of G RI ; the enhancement by the coating is slightly greater. At the peak ͑t = 0.36 m͒, the sensitivity of a microsphere coated with n 3 = 1.6 is 5.5 times as high as that of the plain WGM sensor. The plots of G ads are essentially the derivatives of the curves in Fig. 2 ; forming an adsorption layer amounts to increasing t. In fact, we can see this relationship in Figs. 2 and 7, although the latter is affected by changing ⌫.
The different enhancement effects on the three radial modes may lead to matching of G RI among the modes. Unfortunately, perfect matching is not possible for the silica microsphere with a uniform layer. The closest match occurs at n 3 = 1.61 and t = 0.08 m. In this condition, G RI is matched for the first and second radial modes, and G RI of the third radial mode is less than 7% different from the G RI of the other modes. If we step out of the restriction that a silica microsphere be used, then matching may be accomplished. Using a material of n 1 greater than the refractive index of silica will bring G RI of the three modes at t = 0 closer to one another, which may facilitate the match.
An example of the three-way match is shown in Fig. 8 . The G RI for the three radial modes are plotted as a function of t. For this figure, n 1 = 1.51, n 2 = 1.32, and n 3 = 1.7 were used. Different mode numbers l, 692 ͑v =1͒, 680 ͑v =2͒, and 669 ͑v =3͒, were used to keep the resonance wavelength near 1.34 m ͑t =0͒. It may appear that the three curves coincide at two points, but the coincidence near t = 0.07 m is a lot worse than the coincidence at t = 0.906 m is. At the second coincidence, G RI is 2.2 times as large as the value for the first radial mode in a plain microsphere of n 1 = 1.51. This example demonstrates that it is possible to have the same resonance shifts for different radial modes. It will be possible to find a coincidence point for a medium of a different n 2 (other than that of water) by adjusting n 1 , n 3 , and t.
In the present paper we have assumed a perfect sphere. In practice, however, the microsphere has a small but finite ellipticity, which causes the degenerate 2l + 1 modes to split. To be precise, the effect of the high-refractiveindex layer on the shift will be different for each split mode. However, the difference will be small for the modes excited by the side coupling with the fiber at the equator. The results obtained here will apply.
CONCLUSIONS
We have examined the morphology-dependent properties of a whispering gallery mode in a microsphere coated with a high-refractive-index layer. Adding a thin layer focuses the first radial mode narrowly on the layer. The higher-order modes require thicker layers for narrowing, and the transition takes place in multiple steps. The radially compressed modes have a much stronger field at the surface and a narrower resonance linewidth compared with the WGM in a plain microsphere before the layer is added.
We then evaluated the sensitivity of the coated WGM frequency-shift sensor to adsorption of molecules and to a refractive-index change in the surround. The strong evanescent field of the compressed mode induces a large polarization in the surrounding medium or in the adsorbate, thereby enhancing sensitivity. The enhancement is especially prominent in the first radial mode. There is an optimal layer thickness for a given radial mode and refractive index of the layer. We also showed an example of a microsphere and a coating that eliminate radial mode dependence of the resonance shift when the sensor is used as a refractive-index detector.
In the present paper we considered TE modes only. It will be interesting to extend our treatment to TM modes. It will be also interesting to add a layer in a diskgeometry WGM.
